Backgrounds are pervasive in almost every application of general relativity. Here we consider the Lagrangian formulation of general relativity for large perturbations with respect to a curved background spacetime. We show that Noether's theorem combined with Belinfante's "symmetrization" method applied to the group of displacements provide a conserved vector, a "superpotential" and a energymomentum that are independent of any divergence added to the Hilbert Lagrangian of the perturbations. The energymomentum is symmetrical and divergenceless only on backgrounds that are Einstein spaces in the sense of A.Z.Petrov.
PPN formalism [2] ; from stability theory of de Sitter or anti-de Sitter spacetimes [3] to stability of black holes [4] . Relativistic cosmology is studied on a Friedmann-Robertson-Walker background [5] . Isolated sources are analyzed on asymptotically flat backgrounds.
Thus, backgrounds play an important role in practically all applications of general relativity. It is therefore interesting to have satisfactory differential conservation laws on curved as well as on flat backgrounds.
There are essentially two methods to obtain conserved vectors in general relativity. One method consists in rewriting Einstein's equations for the perturbations keeping on the left hand side terms linear in second order derivatives of the perturbed gravitational field components ( [6] [7] on a flat background; [3] on a Petrov space [8] background). Einstein's equations have been obtained in that form directly from a variational principle [9] [10][11] [12] . The right hand side of the equations is a symmetric "energy-momentum tensor" say * T µν and for any Killing vector of the backgroundξ ν there exist a conserved vector density √ −g( * T µν )ξ ν .
There are problems with that method. First, as pointed out by Boulware and Deser [13] and by Popova and Petrov [14] , the perturbations of the gravitational field can be represented with the metric, the inverse metric, the metric density and so on. For each representation the conserved vector density will be different. Second conserved vectors have always been obtained for Killing vectors only and only on A.Z. Petrov spaces as backgrounds.
A second way of finding conservation laws consists in applying Noether's method to a Lagrangian of the gravitational field (see for instance [15] ). This leads to a "canonical" Noether conserved vector, the divergence of a superpotential and to a canonical energymomentum tensor. The method gives conserved vectors on any background with any vector field defining a one parameter displacement [16] , not only for Killing vectors of the background. This great multiplicity of conservation laws in general relativity is related to the relabeling of spacetime points and is not without analogy with circulation conservation in fluid dynamics. The relabeling of points in barotropic flows is associated with Noether conserved vectors which in comoving coordinates are known (not too well) as conservation of "potential vorticities" [17] [18] . The conservation of potential vorticities is the local expression of the more familiar non local Kelvin conservation law of circulation.
But there are problems with this method also. First the Lagrangian density is not unique. A divergence can and must be added to the Hilbert Lagrangian because the Hilbert Lagrangian leads to Komar's [19] conservation law which gives the wrong mass to angular momentum ratio in the weak field limit (the "anomalous factor 2" [20] ) and does not give [21] On a flat background the energy-momentum is divergenceless but it is not symmetrical and does not provide a conserved angular momentum and when it does, the angular momentum does not include the helicity of the field. Thus this second method is not satisfactory even in the weak field limit.
Here we use Noether's method, the Hilbert Lagrangian density but also Belinfante's [26] modification. In classical field theory, Belinfante's correction gives a symmetric field energy-momentum tensor which ensures conservation of angular momentum, helicity included. As we shall see, the Belinfante correction has the great advantage to provide a conserved vector and a superpotential that are independent of any divergence added the the Hilbert Lagrangian and does not depend on a particular representation of the gravitational perturbation. The result looks like a peculiar blend of the two methods with none of their defects. The answer is unique.
Let us start with the Lagrangian for gravitational perturbations, the matter Lagrangian playing no role in our considerations:
R = √ −gR is the scalar curvature density of a spacetime with a metric g µν ,R is that of a background with a metric g µν , both metrics have signature −2, and κ = 8πG/c 4 . A hat "ˆ" always means multiplication by
We now apply Noether's theorem toL ′ , notL ′ G . For this we first calculate the Lie derivative £ ξL ′ ofL ′ for an arbitrary displacement field ξ µ ; it is equal to ∂ µ L ′ ξ µ and is of the form
µν is Einstein's tensor, the left hand side of his equations.
We then use the contracted Bianchi identities D ν G µν ≡ 0 and Einstein's equations G µ ν = κT µ ν and obtain a conserved vector densitŷ ι ′µ which looks as follows
We then redo the same calculations with the Lie derivative £ ξL ′ ofL ′ which is equal to ∂ µ (L ′ ξ µ ) and we obtain a conserved vector densityι ′µ that satisfies exactly the same equality (3) with bars over every symbol except ξ µ .
The conserved Noether vector densityÎ ′µ associated withL
(with ξ σ = g σµ ξ µ ) and in derivatives of D (ρ ξ σ) which we denote by a special symbolz ρσ ; thusÎ ′µ can be written in the following form
wherel ρσ =ĝ ρσ −ĝ ρσ ; indices are displaced withḡ µν , never with g µν . In Eq. (4)θ ′µ ν is the relative energy momentum tensor densitŷ
The f ield component of the tensor is complicated as may be guessed from Eqs. (3) and, say, (3); however, its explicit form will not be needed and there is no point in writing it here in detail. Theσ ′µρσ term is more important. Its antisymmetric partσ ′µ [ρσ] plays the role of a relative helicity in linearized quantum gravity [27] and is similar to the helicity in electromagnetism [28] ,
where the tensor ∆ It is well known [29] that the conserved vectorÎ ′µ is equal to a divergence of an anti-symmetric tensor density, a superpotential, K µν which for good reasons we call the "relative" Komar [19] superpotential, relative to the background
K µν contains g µν -covariant derivatives D ρ as well asḡ µν -covariant derivatives D ρ .
We now apply Belinfante's [26] procedure. The method has been used in general relativity by Papapetrou [30] 
In the new vector, there are no antisymmetric derivatives of ξ anymore, the S ′ -addition cancels precisely the helicity-term. The S ′ -addition also modifies the energy-momentum tensor densityθ ′µ ν , thê η µ -vector density and the superpotentialK µν .Î µ has the following form
The new energy-momentum tensor densityT µ ν and the newẐ µ are related toθ ′µ ν andη µ as follows:
while the Komar relative superpotential is replaced by a new su-
Notice thatẐ µ likeη µ is zero if ξ µ is a Killing vector ξ µ of the background.
One crucial point is now this: let's add a divergence toR −R in the Lagrangian density (1) say ∂ µk µ . This has the effect to produce another Noether conserved vector densityÎ µ =Î ′µ . Indeed, the Lie derivative of the divergence,
Since £ ξk µ contains at most first order derivatives of ξ µ the conservedÎ µ will have a modified ξ µ factor (θ µ ν =θ ′µ ν ) and a modified D ρ ξ σ factor (σ µρσ =σ ′µρσ ). Of course the superpotential is also changed and it is easy to find thatK µν is replaced bŷ
With a differentσ µρσ there is also anotherŜ µνρ as can be seen from Eq. (8) and it is equally easy to find how that S is related to S ′ :
Thus, look at Eq. (11) (15) given below . What is important however are the properties ofT µ ν which we most easily obtain by Rosenfeld's [32] method. The modified conservation law ∂ µÎ µ = 0 is linear in ξ µ with derivatives up to order three that come from ∂ µẐ µ as can be seen from Eqs. (9), (10) and (4). ∂ µÎ µ = 0 may thus be written in the form
This equation holds for arbitrary ξ ν . Therefore all the β's must be equal to zero. These are the "Rosenfeld identities". The most interesting identities for now are those involvingT 
The new energy momentum tensor density has the following form
It contains three types of terms, a symmetric matter energy-momentum of the perturbations, a symmetric field energy-momentum tensor 3τ µν =τ νµ and two non-derivative coupling terms of the metric density perturbation to the background Ricci tensor, the last one only being anti-symmetric in µν. Therefore: Having considered the properties ofT µν we now turn our attention to the superpotential which has a rather simple form on all backgrounds and with every vector ξ µ :
This superpotential generalizes a number of well known particular [41] to analyze measurable effects of the cosmic background radiation due to spatially localized perturbations. Those Traschen [42] vectors can be shown to be linear combinations with cosmic-time dependent coefficients of conserved vectors associated with the conformal Killing vectors of "accelerations" described in Fulton, Rohrlich and Witten [43] . We believe that finite volume integrals of the conserved vector densities, which are equal to closed surface integrals of the superpotential may be useful in numerical calculations for the same reason that the relativistic virial theorem of Gourgoulhon and Bonazzola [44] is useful to check numerical integrations of relativistic neutron stars [45] .
Detailed calculations not included in this letter will appear in a full paper presumably in Class. Quantum Grav..
